In this paper we show
Introduction
Let : C x 1 ; :::; x n ] ! C x 1 ; :::; x n ] be an endomorphism of a polynomial ring.
Following 1] we can ask, whether an endomorphism can be distinguished from non-automorphisms by means of their value on just a single polynomial. A polynomial which has this property we will call a test polynomial.
More formally: we look for polynomials p with the following property: if (p) = (p) for some automorphism , then must be an automorphism itself ( of course it is enough to consider here the case = identity).
This set-up has been introduced at rst in 8] in the case of free group. In the paper 1] Arno van den Essen and Vladimir Shpilrain asks about the existence and the characterization of test polynomials (cf. Problem 3 in 1]). They give some necessary condition for a polynomial p to be a test polynomial. Moreover, they suggest that there are many test polynomial at least in the class of monomorphisms of C x 1 ; :::; x n ] ( i.e. , in the class of injective endomorphisms of C x 1 ; :::; x n ]). We show that it is indeed the case. Moreover, we show that for any n > 0 there exist a strong test polynomial in the class of all endomorphisms of C x 1 ; :::; x n ]. In particular we prove:
Corollary 4 Let n > 1: A generic polynomial of degree n + 1 in C x 1 ; :::; x n ], is a strong test polynomial in the class of monomorphism of C x 1 ; :::; x n ]:
We also prove that for any n > 0 there exist strong test polynomials in the class of all endomorphisms of C x 1 ; :::; x n ].
Theorem 5 For every n; D > 0 there is a strong test polynomial p 2 C x 1 ; :::; x n ] of degree > D:
Moreover, for n = 2 we classify test polynomials precisely. In particular we have:
Corollary 12 A generic polynomial p 2 C x; y] of degree greater than 3 is a strong test polynomial, whereas a generic polynomial p 2 C x; y] of degree at most 3 is not a test polynomial.
This gives a partial solution of Problem 3 in 1].
Terminology
The set of all endomorphisms of an algebra C x 1 ; :::; x n ] is denoted by End(C x 1 ; :::; x n ]) and the set of all automorphisms of an algebra C x 1 ; :::; x n ] is denoted by Aut(C x 1 ; :::; x n ]):
A polynomial p 2 C x 1 ; :::; x n ] we call primitive, if a generic ber of p is irreducible.
If X is an algebraic variety then the logarithmic Kodaira dimension of X will be denoted by (X) (see 2]).
For a polynomial p 2 C x 1 ; :::; x n ] we consider the set V (p) := fx 2 C n :
If X; Y are plane curves, which have common point P, then by P (X; Y ) we denote the multiplicity of the intersection of X and Y and the point P:
The statement "a generic polynomial of degree d has the property W" Proof. Let be an injective endomorphism of C x 1 ; :::; x n ]; and let f : C n ! C n be a polynomial mapping induced by : Since the endomorphism is injective, the mapping f is a dominant mapping. Moreover, by our assumption we f ?1 (?) = ?: This means that f(C n n ?) = C n n ?: Take X = C n n ?: Since the hypersurface ? is smooth and strictly transversal to the hyperplane at in nity, we have by a direct computation that (X) = n = dim X: Hence the variety X is an a ne variety of hyperbolic type. Let us note that the mapping f restricted to the variety X give a dominant mapping f : X ! X: By Theorem i) in 2] we have that the mapping f is an automorphism of the variety X:
Now we show that the mapping f itself is an automorphism. Since the mapping f ( by above) is birational it is enough to show that the mapping f is a proper mapping. Let us consider a set S f of points at which the mapping f is not proper ( 3] Proof. , we can take in this way that groups Aut(S d i n ) are trivial. Now take an a ne system of coordinates in this way that is the hyperplane at in nity. Let g 1 ; :::; g n be polynomials, which describe hypersurfaces S d 1 ; :::; S dn in this a ne system of coordinates. We claim that the polynomial G := n i=1 g i is a strong test polynomial in C x 1 ; :::; x n ]:
Indeed, let be an endomorphism of C x 1 ; :::; x n ] such that (G) = G; where 2 C is a non-zero constant. Let f : C n ! C n be a polynomial mapping induced by : First we show that for every i = 1; ::; n polynomials g i f are not constant. For this, assume that g i f = is a constant. Of course, 6 = 0: Since the mapping f cannot be a constant mapping, there are only two cases to consider:
ad i) Let us note that a variety X := f(C n ) is an a ne parametric curve.
Since 6 = 0, the curve X is disjoint from S d i , which contradicts the fact that there is no non-constant holomorphic mappings h : C ! P n (C ) n S d i :
ad ii) Let X be an a ne closure of the set f(C n ) and put k := dim In dimension n = 2 we describe test polynomials precisely. We start with a (well-known) description of non-dominant polynomial mappings. For a sake of completeness we give a simple proof. primitive polynomials P 1 ; P 2 , such that f 1 = 0 1 (P 1 ); f 2 = 0 2 (P 2 ): We can assume that deg P 1 deg P 2 : Since the polynomial P 1 is primitive, we can also assume that it is irreducible and consequently the curve X = V (P 1 ) is irreducible.
The mapping f = (f 1 ; f 2 ) is non-dominant, so is the mapping (P 1 ; P 2 ): Therefore the polynomial P 2 is constant on the curve X; since otherwise the mapping (P 1 ; P 2 ) would have a zero-dimensional ber over some point (0; b): Hence for some c 2 C we have P 2 = c on X; and consequently the polynomial P 1 divides the polynomial P 2 ? c: Since deg P 1 deg P 2 ; we have that P 1 = a(P 2 ? c) for some non-zero a 2 C : Now it is enough to take P = P 2 ; 1 = 0 1 (a(t ? c)); 2 = 0 2 : In the sequel we need the following simple lemma:
Lemma 9 Let ; 2 C t] and P; Q 2 C x; y]: Assume that polynomials P; Q are primitive. If (P) = (Q) then deg = deg :
Proof. Indeed, a generic ber of a polynomial (P) has deg irreducible components, and a generic ber of a polynomial (Q) has deg irreducible components. Thus deg = deg :
Now we can prove the main result of this section:
Theorem 10 Let p 2 C x; y] be a reduced polynomial, such that a curve V (p) is projectively smooth, transversal to the line at in nity and it has not points of in ection at in nity. If deg p 4 then a polynomial p is a test polynomial, otherwise it is not a test polynomial.
Proof. First assume that a polynomial p is of degree 4: We show that p is a test polynomial. Let be an endomorphism of C x 1 ; :::; x n ] such that (p) = p for some non-zero 2 C : We prove that is an automorphism.
By Theorem 2 it is enough excluded the case when is not a monomorphism.
Hence assume that is not a monomorphism. Therefore a mapping f = (f 1 ; f 2 ) : C there is a primitive polynomial P and polynomials 1 ; 2 2 C t], such that f 1 = 1 (P); f 2 = 2 (P): Hence p( 1 (P); 2 (P)) = p: Since polynomials p; P are primitive we have by Lemma 9 that deg p( 1 (t); 2 (t)) = 1: Thus p( 1 (t); 2 (t)) = at + b for some a 2 C ; b 2 C :
Let us denote by ? an a ne parametric line given by the parametrization ( 1 (t); 2 (t)); t 2 C : The equality p( 1 (t); 2 (t)) = at + b means that the curve ? meets the curve X := V (p) (in C 2 ) in exactly one point, and this intersection has multiplicity 1: So, a rst part of the proof is concluded by the following:
Lemma 11 Let X C 2 be a projectively smooth curve of degree 4 which is transversal to the line at in nity and it has no points of in ection at in nity. Let ? be an a ne parametric line in C 2 : Then ? meets X in C 2 with a multiplicity greater than 1:
Proof. There are two cases possible: i) deg ? = 1; ii) deg ? > 1: ad i) In this case the curve ? is a straight line. Since at in nity the curve X has not points of in ection, we see that ? meets X at in nity with a multiplicity at most two. Now by the Bezout Theorem we have that ? meets X (in C 2 ) with multiplicity 2: ad ii) If ? is not a line, then the tangent cone to the (unique) point P at in nity of ? is the line at in nity. Since the curve X is transversal to the line at in nity (and smooth at P), we have that X meets ? at the point P with a multiplicity equal to m P (?) < deg ?: Again by the Bezout Theorem we have that ? and X must meet in C 2 with a multiplicity greater than 3 deg ? 6:
To nish the proof of Theorem 10 it is enough to show that if p is of degree 3 then it is not a test polynomial. First, we show that there exists an a ne parametric line ?, which cuts the curve X := V (p) with multiplicity 1 (in C   2 ). If deg X = 1, it is obvious. If deg X = 2 it is enough to take as ? a straight line which pass through a point at in nity of X and it is not tangent to X at in nity. Now assume that deg X = 3: Let P be a point at in nity of X and let ? be a tangent line at P to X: By our assumptions the line ? is not the line at in nity. Moreover, since the point P is not a point of in ection of X we have that p (X; ?) = 2: This means by the Bezout Theorem that ? and X meets in C 2 with multiplicity 1:
Now choose a parametrization C 3 t ! ( 1 (t); 2 (t)) 2 C Corollary 12 A generic polynomial p 2 C x; y] of degree greater than 3 is a strong test polynomial, whereas a generic polynomial p 2 C x; y] of degree at most 3 is not a test polynomial.
Proof. It follows from Theorem 10 and Corollary 4. Example 13 We show that there are irreducible polynomials of degree 3, which are test polynomials. Indeed, let p be a polynomial of degree 3, such that the curve V (p) is projectively smooth and it has exactly three points of in ection at in nity. It is easy to see that such a polynomials exist. As in the proof of Theorem 10, we can check that if is an endomorphism of C x; y] such that (p) = p then the endomorphism must be a monomorphism. Thus by Theorem 2 we get conclusion. It is also worth to note that a polynomial of degree less than 3, cannot be a test polynomial.
